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Ââåäåíèå

Â íàñòîÿùåå âðåìÿ äëÿ ðåøåíèÿ ðàçëè÷íûõ îá-

ðàòíûõ çàäà÷ òåïëîîáìåíà ïðåäëîæåí è èñïîëüçóåò-

ñÿ â ïðàêòèêå òåïëîâûõ èññëåäîâàíèé öåëûé ðÿä ìå-

òîäîâ, ñïîñîáîâ è âû÷èñëèòåëüíûõ àëãîðèòìîâ. Èõ

îïèñàíèþ è àíàëèçó âû÷èñëèòåëüíîé ýôôåêòèâíîñ-

òè ïîñâÿùåíî äîñòàòî÷íî ìíîãî ðàáîò, âêëþ÷àÿ ìî-

íîãðàôèè è áîëüøîå êîëè÷åñòâî îðèãèíàëüíûõ ñòà-

òåé. Ïðè ýòîì îñíîâíàÿ ìàññà ïîëó÷åííûõ ðåçóëüòà-

òîâ îòíîñèòñÿ ê îáðàòíûì çàäà÷àì òåïëîïðîâîäíîñòè

ïî âîññòàíîâëåíèþ ãðàíè÷íûõ óñëîâèé è êîýôôèöè-

åíòîâ óðàâíåíèé.
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Äàííàÿ ðàáîòà ïîñâÿùåíà àëãîðèòìó èäåíòèôèêàöèè òåïëîâûõ õàðàêòåðèñòèê ðàçëàãàþùèõñÿ òåïëîçàùèòíûõ

ìàòåðèàëîâ. Ðåøåíèåì îáðàòíîé çàäà÷è ÿâëÿåòñÿ âåêòîð, ñîäåðæàùèé ñåìü íåñòàöèîíàðíûõ êîýôôèöèåíòîâ (òåï-

ëîåìêîñòü, òåïëîïðîâîäíîñòü, òåïëîåìêîñòü ôèëüòðóþùåãîñÿ ãàçà, òåïëîâîé ýôôåêò ðàçëîæåíèÿ, ïàðàìåòðû

óðàâíåíèÿ àðåíèóñîâñêîãî òèïà: ïîêàçàòåëü ðåàêöèè, ïðåäýêñïîíåíöèàëüíûé ôàêòîð, ýíåðãèÿ àêòèâàöèè). Óñ-

òîé÷èâîñòü ðåøåíèÿ îáðàòíîé çàäà÷è äîñòèãàåòñÿ ïðèìåíåíèåì â àëãîðèòìå ìåòîäà èòåðàöèîííîé ðåãóëÿðèçà-

öèè. Èòåðàöèîííûé ïðîöåññ äëÿ âåêòîðà èñêîìûõ ïàðàìåòðîâ áàçèðóåòñÿ íà ìåòîäå ãðàäèåíòíîé ìèíèìèçàöèè:

 1 *, 1,..., ,s s s su u g s s−= + γ =

ãäå u – âåêòîð íåèçâåñòíûõ ôóíêöèé; s – íîìåð èòåðàöèè; γ  – øàã ñïóñêà; g – ãëóáèíà ñïóñêà.

In this work present algorithm of identification thermal characteristics destruction heat-shielding materials, based on

methodology of inverse problems. At the decision inverse problem the vector of required characteristics consisting from 7

none-linear depending from temperature component (heat capacity, thermal conductivity,  heat capacity of filtered gas,

heat effect decomposition, and parameter of the Arenius equation is defined: sedate parameter, before exhibitor factor and

energy of activation). Stability of the decision inverse problem is reached by application in algorithm of a method iterative

regularization. Iterative process for a vector of required parameters is based formula gradient methods of optimization:

 1 *, 1,...,s s s su u g s s−= + γ =

Where u – vector of unknown functions, s – number of iteration, γ  – descent step, g – increment of unknown

functions.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, èäåíòèôèêàöèÿ, òåðìîäåñòðóêöèÿ, ðåãóëÿðèçàöèÿ.

Key words:  inverse problem, identification, thermal destruction, regularization.

Ïîñòàíîâêó îáðàòíûõ çàäà÷, â îòëè÷èè îò ïðÿìûõ,

íåëüçÿ âîñïðîèçâåñòè â ðåàëüíîì ýêñïåðèìåíòå, ò.å.

íàðóøèòü ïðè÷èííî-ñëåäñòâåííóþ ñâÿçü íå ìàòåìàòè-

÷åñêèì à ôèçè÷åñêèì ïóòåì. Â ýòîì ñìûñëå îáðàòíûå

çàäà÷è íå ñîîòâåòñòâóþò ôèçè÷åñêè ðåàëèçóåìûì ñî-

áûòèÿì. Íåëüçÿ îáðàòèòü õîä òåïëîîáìåííîãî ïðîöåññà

è òåì èçìåíèòü òå÷åíèå âðåìåíè. Òàêèì îáðàçîì, ìîæ-

íî óñëîâíî ãîâîðèòü î ôèçè÷åñêîé íåêîððåêòíîñòè

ïîñòàíîâêè îáðàòíîé çàäà÷è. Ïðè ìàòåìàòè÷åñêîé

ôîðìàëèçàöèè îíà ïðîÿâëÿåòñÿ óæå êàê ìàòåìàòè÷åñ-

êàÿ íåêîððåêòíîñòü (íåóñòîé÷èâîå ðåøåíèå), è îáðàò-

íûå çàäà÷è ïðåäñòàâëÿþò ñîáîé òèïè÷íûé ïðèìåð
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íåêîððåêòíî ïîñòàâëåííûõ çàäà÷ â òåîðèè òåïëîîáìå-

íà. Äëÿ ïðèáëèæåííîãî ðåøåíèÿ òàêèõ çàäà÷ øèðî-

êî èñïîëüçóþòñÿ ðåãóëÿðèçàöèîííûå ìåòîäû.

Âñå ìíîãîîáðàçèå ìåòîäîâ ðåãóëÿðèçàöèè ìîæíî

ðàçáèòü íà äâå ãðóïïû: ìåòîäû «åñòåñòâåííîé» ðåãó-

ëÿðèçàöèè è ðåãóëÿðèçàöèè ïî Òèõîíîâó. Ïåðâàÿ

ãðóïïà ìåòîäîâ îñíîâàíà íà ðåøåíèè àíàëèçèðóåìîé

îáðàòíîé çàäà÷è â å¸ èñõîäíîé ïîñòàíîâêå, ïðè÷åì íà

íåèçâåñòíûå õàðàêòåðèñòèêè íå íàêëàäûâàþòñÿ êà-

êèå-ëèáî óñëîâèÿ èõ ïðèíàäëåæíîñòè ê îïðåäåëåí-

íîìó êëàññó ðåøåíèé. Ìåòîäû äàííîé ãðóïïû èìå-

þò îãðàíè÷åííîå ïðèìåíåíèå. Â ðåãóëÿðèçóþùèõ

ìåòîäàõ îáåñïå÷èâàåòñÿ ïðèíàäëåæíîñòü èñêîìûõ õà-

ðàêòåðèñòèê íåêîòîðîìó êîìïàêòíîìó ìíîæåñòâó,

êîòîðîå ïîëó÷àåòñÿ â ïðîöåññå ðåøåíèÿ çàäà÷è ëèáî

çàäàåòñÿ çàðàíåå. Òàêèå ìåòîäû ïðèìåíèìû ê øèðî-

êîìó êðóãó íåêîððåêòíûõ çàäà÷. Â îñíîâå ýòèõ ìåòî-

äîâ ëåæèò ôóíäàìåíòàëüíîå ïîíÿòèå ðåãóëÿðèçèðóþ-

ùåãî îïåðàòîðà, ïðèìåíåíèå êîòîðîãî ïîçâîëÿåò ïî-

ëó÷èòü óñòîé÷èâîå ïðèáëèæåííîå ðåøåíèå àíàëèçè-

ðóåìîé çàäà÷è. Äëÿ ïîñòðîåíèÿ ðåãóëÿðèçèðóþùèõ

îïåðàòîðîâ è àëãîðèòìîâ èñïîëüçóþòñÿ ðàçëè÷íûå

ïðèíöèïû. Îäíèì èç íàèáîëåå îáùèõ ìåòîäîâ ðåøå-

íèÿ íåêîððåêòíûõ çàäà÷ ÿâëÿåòñÿ ìåòîä À.Í. Òèõî-

íîâà [1], îñíîâàííûé íà ââåäåíèå â ðàññìîòðåíèå ñòà-

áèëèçèðóþùåãî ôóíêöèîíàëà. Â äàííîé ðàáîòå ïðåä-

ëàãàåòñÿ ðåãóëÿðèçèðóþùèé àëãîðèòì ðåøåíèÿ êîýô-

ôèöèåíòíîé îáðàòíîé çàäà÷è òåïëîîáìåíà ïðè íàëè-

÷èè òåðìîäåñòðóêöèè íà îñíîâå ìåòîäà èòåðàöèîííîé

ðåãóëÿðèçàöèè, ïîêàçàâøèé âûñîêóþ ýôôåêòèâíîñòü

â ïðàêòèêå ðåøåíèÿ ðàçëè÷íûõ îáðàòíûõ çàäà÷ òåïëî-

îáìåíà.

Ñóùåñòâóåò äîñòàòî÷íî áîëüøîå êîëè÷åñòâî ðàáîò,

ïîñâÿùåííûõ ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ïðî-

öåññà òåðìîäåñòðóêöèè â ìàòåðèàëå. Â ðàáîòàõ

Î.Ô.Øëåíñêîãî [2] äëÿ îïèñàíèÿ ìàòåìàòè÷åñêîé ìî-

äåëè òåðìîðàçëîæåíèÿ îäíîñòàäèéíîé ãîìîãåííîé

õèìè÷åñêîé ðåàêöèè èñïîëüçóåòñÿ óðàâíåíèå àðåíè-

óñîâñêîãî òèïà:

[ ]
0
expnm m k= − τ ,                        (1)

ãäå n  – ïîðÿäîê ðåàêöèè; 
0

M
m

M
=  – îòíîñèòåëü-

íàÿ ìàññà îáðàçöà; M  – ìàññà îáðàçöà íà òåêóùèé

ìîìåíò âðåìåíè; 
0

M  – ìàññà îáðàçöà äî íà÷àëà ðàç-

ëîæåíèÿ; 
0

m  – ïîñòîÿííàÿ èíòåãðèðîâàíèÿ, îïðåäå-

ëÿåìàÿ íà÷àëüíûì óñëîâèåì ; 
0 0

m m
τ=

=  – ñêîðîñòü

ðåàêöèè ïðè äàííîé òåìïåðàòóðå;

0
exp _Ek k

RT
⎡ ⎤=
⎣ ⎦ ,                      (2)

ãäå 
0

k  – ïðåäýêñïîíåíöèàëüíûé ìíîæèòåëü; E –

ýíåðãèÿ àêòèâàöèè; R – óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòî-

ÿííàÿ. Ïðè ýòîì ïàðàìåòðû E  è 
0

k  îïðåäåëÿþòñÿ èç

óñëîâèÿ íàèëó÷øåãî îïèñàíèÿ ýêñïåðèìåíòàëüíûõ

äàííûõ çàâèñèìîñòüþ (1). Â ñâÿçè ñ ýòèì çàâèñèìîñòü

(1) àäåêâàòíî îïèñûâàåò ïðîöåññ ðàçëîæåíèÿ íà îãðà-

íè÷åííîì ó÷àñòêå, êîòîðûé îïðåäåëåí âûáîðîì ïà-

ðàìåòðîâ E  è 
0

k .

Òàêæå ïðîöåññ òåðìè÷åñêîãî ðàçëîæåíèÿ ðàññìàò-

ðèâàåòñÿ â ðàáîòàõ Â.Ì. Þäèíà [3]. Ïðîöåññ òåðìî-

äåñòðóêöèè îïèñûâàåòñÿ óðàâíåíèåì

( )0
exp

n

g

d E
A

d RT

ρ −⎡ ⎤
= ρ − ρ ⎢ ⎥τ ⎣ ⎦

,               (3)

 ãäå À – ïðåäýêñïîíåíöèàëüíûé ìíîæèòåëü; g
ρ –

ãðàâèìåòðè÷åñêàÿ ïëîòíîñòü ìàòåðèàëà, ïîëó÷åííàÿ

ïóòåì íàãðåâà ìàòåðèàëà äî ïðåêðàùåíèÿ ïðîöåññà

ðàçëîæåíèÿ ïðè ñòàöèîíàðíîé òåìïåðàòóðå Ò.

Â ìîíîãðàôèè Þ.Â. Ïîëåæàåâà è Ô.Á. Þðåâè÷à

[4] èñïîëüçóåòñÿ ìîäåëü òåðìè÷åñêîãî ðàçëîæåíèÿ

ìàòåðèàëîâ ñëåäóþùåãî âèäà:

expn
d E

A
d RT

ρ −⎡ ⎤
= ρ ⎢ ⎥τ ⎣ ⎦

.                    (4)

Â äàííîé ðàáîòå àíàëèçèðóåòñÿ îäíîìåðíàÿ íåñòà-

öèîíàðíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîïåðåíîñà â

ðàçëàãàþùåìñÿ ìàòåðèàëå [5]:

( )( )
( )

( )( )
( )

( )( )
( ) ( )

( )( )
( )

⎛ ⎞τ τ
τ ρ = λ τ +⎜ ⎟⎜ ⎟τ ⎝ ⎠

ρ τ τ
+ τ ξ +

τ

ρ τ
+ τ

τ

∫
0

,

, ,
, ,

, ,
,

,
, ;

l l

x
l

g l
l

l
l

dT x dT xd
C T x T x

d dx dx

d x dT x
C T x d

d dx

d x
H T x

d
 (5)

( ) ( ) (, 0, 0, , 1,
L m

x Q X l L⎤τ ∈ = × τ =⎦ ;

( ) ( )
0 1

0, , , 1,
l l

T x T x X x X l L
−

= < < = ;

( )( )
( )

( ) ( )( )1 1 1 1

0,
0, 0, 0, ,

dT
T T q T

dx

τ
−α λ τ + β τ = τ τ ;  (6)

( )( )
( )

( )( )
( )1

1 1

, ,
, , ,

1, 1;

l l l l

l l l l l l

T X T X
T X T X

x x

l L

+

+ +

∂ τ ∂ τ
λ τ = λ τ

∂ ∂

= − (7)
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( ) ( )1
, , , 1, 1

l l l l
T X T X l L

+
τ = τ = − ;         (8)

   

( )( )
( )

( )

( )( )

2 2

2

,

, ,

, , .

L

L L L

L

dT X
T X T X

dx

q T X

τ
−α λ τ + β τ =

= τ τ  (9)

Êèíåòèêà ðàçëîæåíèÿ ìàòåðèàëà îïèñûâàåòñÿ çà-

äà÷åé Êîøè, ÿäðîì êîòîðîé ÿâëÿåòñÿ äèôôåðåíöèàëü-

íîå óðàâíåíèå àðåíèóñîâñêîãî òèïà:

( ) 0,
,

l r l
xρ τ = ρ ;                    (10)

( )
,

,

l c c l
xρ τ = ρ ;                     (11)

( )

( )

( )
( )( )
( )

( )

( ) ( )

⎧ τ <
⎪
⎪ ⎛ ⎞− τρ τ ⎪ ⎜ ⎟= −ρ⎨ ⎜ ⎟τ τ⎪ ⎝ ⎠
⎪

ρ τ ≤ ρ⎪⎩

ρ τ > ρ τ ≥

,

,

, ,

0, , ;

,,
exp ;

,

0, , ;

, , , ;

l

r l

lnl

l l

l c l

l c l r l

T x T

E T xd x
A T

d RT x

x

x T x T

   

(12)

êîýôôèöèåíòû 
l

C , 
l

λ , 

 

,g l
C , 

l
H , 

l
A , 

l
E , 1,l L= , ÿâ-

ëÿþòñÿ ôóíêöèÿìè òåìïåðàòóðû, à âåëè÷èíû 
1
q  è 

2
q

çàâèñÿò îò âðåìåíè.

Àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è

Â äàííîé ðàáîòå ïðåäñòàâëåí àëãîðèòì ðåøåíèÿ

êîýôôèöèåíòíîé îáðàòíîé çàäà÷è òåïëîïåðåíîñà â

ðàçëàãàþùåìñÿ ìàòåðèàëå. Îñíîâíûì îòëè÷èåì äàí-

íîãî àëãîðèòìà ÿâëÿåòñÿ âîçìîæíîñòü îïðåäåëåíèÿ èç

îäíîãî ýêñïåðèìåíòà îäíîâðåìåííî êîýôôèöèåíòîâ:

òåïëîåìêîñòè, òåïëîïðîâîäíîñòè, òåïëîåìêîñòè îáðà-

çóþùåãîñÿ ãàçà, òåïëîâîãî ýôôåêòà ðàçëîæåíèÿ, à òàê

æå êîýôôèöèåíòîâ óðàâíåíèÿ àðåíèóñîâñêîãî òèïà:

ýíåðãèè àêòèâàöèè, ïðåäýêñïîíåíöèàëüíîãî êîýôôè-

öèåíòà è ïîêàçàòåëÿ ðåàêöèè.

Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è íåîáõîäèìà íåêî-

òîðàÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ, â ðàññìàòðèâàå-

ìîì ñëó÷àå – ýòî äàííûå èçìåðåíèé òåìïåðàòóðû â

íåêîòîðûõ òî÷êàõ , 1,
m

X m M= , îáëàñòè

( ) (0, 0,
L m

Q X ⎤= × τ ⎦ :

( ) ( )
э�сп

, , 1,
m m

T X f m Mτ = τ = ,             (13)

ãäå 
m

X  – êîîðäèíàòà m- é òî÷êè, â êîòîðîé ïðî-

èçâîäèòñÿ èçìåðåíèå òåìïåðàòóðû.

Äëÿ ïîñòðîåíèÿ ýôôåêòèâíîãî ÷èñëåííîãî àëãî-

ðèòìà â òî÷êàõ óñòàíîâêè òåðìîïàð ââîäÿòñÿ äîïîë-

íèòåëüíûå ôèêòèâíûå ñëîè, à â ìàòåìàòè÷åñêîé ìî-

äåëè (5)-(12) äîáàâëÿþòñÿ äîïîëíèòåëüíûå óñëîâèÿ

èäåàëüíîãî êîíòàêòà ìåæäó ñëîÿìè. Òîãäà èñõîäíàÿ

ìîäåëü (5)-(12) ïðèìåò âèä

( )( )
( )

( )( )
( )

( )( )
( ) ( )

( )( )
( )

0

,

, ,
, ,

, ,
,

,
, ;

l l

x
l

g l
l

l
l

dT x dT xd
C T x T x

d dx dx

d x dT x
C T x d

d dx

d x
H T x

d

⎛ ⎞τ τ
τ = λ τ +⎜ ⎟⎜ ⎟τ ⎝ ⎠

ρ τ τ
+ τ ξ +

τ

ρ τ
+ τ

τ

∫

(14)

, 1 , max

,0 1 , 1

, 0 , 1, 1, 1, ;

, ;
l

l m l m l

l l l M l

X x X m M l L

X X X X

−

− +

< < ≤ τ ≤ τ = + =

= =

( ) ( )0 , 1 ,
0, , , 1, 1, 1, ;

l m l m l
T x T x X x X i M l L

−

= < < = + =

(15)

      

( )( )
( )

( )

( )( )

1 1 1

1

0,
0, 0,

0, , ;

dT
T T

dx

q T

τ
−α λ τ + β τ =

= τ τ      (16)

( ) ( ), , , 1 ,
, ,

,

1, , 1, ;

l m l m l m l m

l

T x T x

x x

m M l L

+
∂ τ ∂ τ

=
∂ ∂

= =

       
 (17)

( ) ( ), , , 1 ,
, , , 1, , 1, ;

l m l m l m l m l
T x T x m M l L

+
τ = τ = =    (18)

( )( )
( )

( )( )
( )

, 1

, 1

1,1

1 1,1

,
,

,
, , 1, 1;

l

l

l M l

l l M l

l l

l l l

T X

T X
x

T X
T X l L

x

+

+

+

+ +

∂ τ

λ τ =
∂

∂ τ

= λ τ = −
∂

 (19)

  ( ) ( )
1

, 1 1,1
, , ;

l M l l l
T X T X

+ +
τ = τ            (20)

( )( )
( )

( )

( )( )

2 2

2

,
, ,

, , ;

L

L L L

L

dT X
T X T X

dx

q T X

τ
−α λ τ + β τ =

= τ τ  (21)

( ), 0,
, , 1, 1, 1,

l m r l l
x m M l Lρ τ = ρ = + = ;       (22)

( )
, ,

, , 1, 1, 1,
l m c c l l

x m M l Lρ τ = ρ = + = ;      (23)
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( )

( )

( )
( )( )
( )

( )

( ) ( )

⎧ τ <
⎪
⎪ ⎛ ⎞− τρ τ ⎪ ⎜ ⎟= −ρ⎨ ⎜ ⎟τ τ⎪ ⎝ ⎠
⎪

ρ τ ≤ ρ⎪⎩

ρ τ > ρ τ ≥

,

,

, ,

0, , ;

,,
exp ;

,

0, , ;

, , , ;

l

r l

lnl

l l

l c l

l c l r l

T x T

E T xd x
A T

d RT x

x

x T x T

 (24)

( ) ( ), 1 1,1
, , , 1,

l
l M c l c

x x l L
+ +

ρ τ = ρ τ = ;       (25)

Ðåøåíèå ñèñòåìû óðàâíåíèé (14)-(25) èùåòñÿ

ïîñðåäñòâîì ìèíèìèçàöèè öåëåâîãî ôóíêöèîíàëà

íåâÿçêè [6], õàðàêòåðèçóþùåãî ñðåäíåêâàäðàòè÷íîå

óêëîíåíèå ðàññ÷èòàííûõ òåìïåðàòóð â òî÷êàõ óñòàíîâ-

êè òåðìîäàò÷èêîâ îò ýêñïåðèìåíòàëüíî èçìåðåííûõ

çíà÷åíèé:

( ) ( ) ( )
2

, , ,
1 1 0

1
,

2

ml
ML

m l m l m l

l m

J T x f d

τ

= =

⎡ ⎤= χ τ τ − τ τ
⎣ ⎦∑∑ ∫ . (26)

Ìèíèìèçàöèÿ ôóíêöèîíàëà îñóùåñòâëÿåòñÿ ãðà-

äèåíòíûì ìåòîäîì ìèíèìèçàöèè ïåðâîãî ïîðÿäêà-

ìåòîäîì ñîïðÿæåííûõ ãðàäèåíòîâ:

1 *, 0,1,...,
s

s s

s
u u g s s+

= − γ = ,           (27)

ãäå s – íîìåð èòåðàöèè; 
s
γ  – ãëóáèíà ñïóñêà, âû-

áèðàåìàÿ èç óñëîâèÿ

( )
0

min ,
s

s

s
Arg J u g

γ>

γ = − γ               (28)

s

g  – íàïðàâëåíèå ñïóñêà, õàðàêòåðèçóþùåå èñïîëü-

çóåìûé ìåòîä ìèíèìèçàöèè; 0
u  – çàäàâàåìîå àïðè-

îðíî íà÷àëüíîå ïðèáëèæåíèå; *
s  – íîìåð ïîñëåäíåé

èòåðàöèè, îïðåäåëÿåìûé â ïðîöåññå ðåøåíèÿ çàäà÷è

èç ðåãóëÿðèçèðóþùåãî óñëîâèÿ îñòàíîâà, îñóùåñòâëÿ-

åìîãî â ñîîòâåòñòâèè ñ ïðèíöèïîì îáîáùåííîé íå-

âÿçêè:

( )* *
:

ss J u ≅ δ ,                      (29)

ãäå s  – ïàðàìåòð, çàâèñÿùèé îò òî÷íîñòè âõîäíûõ è

èçìåðåííûõ äàííûõ.

Ïàðàìåòð ñïóñêà âûáèðàåòñÿ íà êàæäîé  s-é èòå-

ðàöèè èç ðåøåíèÿ çàäà÷è ìèíèìèçàöèè ôóíêöèè îä-

íîé ïåðåìåííîé

 ( )min
s

s

s
Arg J u g

γ

γ = − γ              (30)

Äëÿ ðåøåíèÿ óðàâíåíèÿ (30) èñïîëüçóåòñÿ ëèíåé-

íàÿ îöåíêà ïàðàìåòðà ñïóñêà. Ïðè òàêîì ïîäõîäå äëÿ

âû÷èñëåíèÿ ïàðàìåòðà γ  ìîæíî ïîëó÷èòü ïðèáëè-

æåííóþ àíàëèòè÷åñêóþ ôîðìó:

( ) ( )( ) ( ) ( )
( ) ( )

max

max

, , , , , ,
1 1 0

2

, , ,
1 1 0

, , , ,

,

, ,

l

l

s

ML
s

s

l m l m l m l m l m l m

l m

ML
s

l m l m l m

l m

T X u f T X g d

T X g d

τ

= =

τ

= =

γ =

⎡ ⎤χ τ τ − τ Δ τ τ
⎣ ⎦

=−
⎡ ⎤χ τ Δ τ τ⎢ ⎥⎣ ⎦

∑∑ ∫

∑∑ ∫ (31)

ãäå ïðèðàùåíèå òåìïåðàòóðû ( )
,

,

l m
T xΔ τ  îïðåäåëÿåò-

ñÿ èç ðåøåíèÿ êðàåâîé çàäà÷è äëÿ ïðèðàùåíèÿ òåì-

ïåðàòóðû, â êîòîðîé ïðèðàùåíèå èñêîìûõ ïàðàìåò-

ðîâ ( ), 1,2,...,7
i
u T iΔ = , âû÷èñëÿåòñÿ ïî ôîðìóëå,

( )
,

, 1, , 1,
m l l

m M l Lχ τ = = , – âåñà, îòðàæàþùèå äîñòî-

âåðíîñòü ýêñïåðèìåíòàëüíûõ äàííûõ.

Òàêîå ñîîòíîøåíèå ïîçâîëÿåò äëÿ îïðåäåëåíèÿ

ïàðàìåòðà ñïóñêà âñåãî îäèí ðàç ðåøèòü êðàåâóþ çà-

äà÷ó äëÿ âàðèàöèè òåìïåðàòóðû, ÷òîáû âû÷èñëèòü ïîëå

ïðèðàùåíèÿ òåìïåðàòóð ( )
,

,

l m
T xΔ τ :

 

Δ Δ⎛ ⎞
ρ = + λ +⎜ ⎟⎜ ⎟τ ⎝ ⎠

⎛ ⎞ρ Δλ⎜ ⎟+ + ξ +
⎜ ⎟τ
⎝ ⎠

⎛ ρ⎛ ⎞λ λ⎜+ + + +⎜ ⎟⎜ ⎟⎜ τ⎝ ⎠⎝

⎞ρ
⎟+ ξ − ρ Δ
⎟τ τ
⎠

+

∫

∫

0

0

, ,

,

, , ,

,

2 22
, , ,

2 2

, , , ,

, ,

l m l m

l m l l

x
l m l m l ml

g l
l

l m l m l ml l l

x
g l l m l m l ml

l m l m
l

g

d T d Td
C

d dx dx

dT d d Td
C d

dT dx d dx

dT d T dd d dH

dx dT dT ddT dx

dC d dT dTdC
d T

dT d dx dT d

C
θ θ

ξ + − θ + β
τ τ τ∫

0

, , , ,

, ,
,

x
l m l m l m l m j

l l l m l j i
l

d dT d dT
d H C R

d dx d d

 (32)

  , 1 , max
, 0 , 1, 1, 1, ,

l m l m l
X x X m M l L

−

< < < τ ≤ τ = + =

( ) , 1 ,
0, 0, ,

1, 1, 1, ;

l m l m

l

T x X x X

m M l L

−

Δ = ≤ ≤

= + =         (33)

( )( ) ( )

( ) ( )( )
( )

( )

1 1

1

1

0,
0,

0,0,
0,

0, 0;

j

d T
T

dx

d TdT
T

dx dT

T

⎛ Δ τ
−α λ τ +⎜⎜

⎝

⎞λ ττ
⎟+ Δ τ + βΘ
⎟
⎠

+β Δ τ = (34)
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( ) ( ), , , 1 ,
, ,

,

1, , 1, ;

l m l m l m l m

l

T x T x

x x

m M l L

+
∂Δ τ ∂Δ τ

=
∂ ∂

= =

      (35)

( ) ( ), , , 1 , 1
, , ,

1, , 1, ;

l m l m l m l m

l

T x T x

m M l L

+ +
Δ τ = Δ τ

= =
        (36)

, ,

,

, ,

, ,

, , , ,

0,

,

0,

, ;

l m r l

l m j
l m l m j i

l m c l

l m c l l m r l

T T

d F F
T U

d T

T T

≤⎧
⎪

θ ⎡ ⎤∂ ∂⎪
= θ + Δ + β⎨⎢ ⎥τ ∂ρ ∂⎣ ⎦⎪
⎪ ρ ≤ ρ⎩

ρ > ρ >

   

 (37)

( )( ) ( ) ( )

( )( )
( )

( )

2

2

, ,
,

,
,

, 0,

L L

L L

L L

L j

L

d T X dT X
T X

dx dx

d T X
T X

dT

T X

⎛ Δ τ τ
⎜−α λ τ + ×
⎜
⎝

⎞λ τ
⎟× Δ τ + βΩ +
⎟
⎠

+β Δ τ =  (38)

ãäå

( )
1

,1
, , ,

1
l l

m

l m

i l m C i C i

i

dT
R J T

d
=

′= −ρ ϕ
τ
∑ ;

( )

( )

2

2

2
,2

, ,2
1

2

,,

,
1

;

l l

l

l

m

l m

i i i

i

m
il m

i

i

d T
R J T

dx

d TdT
J

dx dT

λ λ

=

λ

λ

=

′= ϕ +

ϕ⎛ ⎞
′+ ⎜ ⎟⎜ ⎟

⎝ ⎠

∑

∑

( )
3

, ,

0

, ,3
, ,

1

;
g l g l

mx
l m l m

i C i C i

il

dT d
R d J T

dx d
=

ρ
′= ξ ϕ

τ
∑∫

 ( )
4

,4
, ,

1
l l

m

l m

i H i H i

i

d
R J T

d
=

ρ
′= ϕ

τ
∑ ;

5 6 70; 0; 0
i i i

R R R= = = ;

1 2 3 40; 0; 0; 0
i i i i

U U U U= = = = ;

  1 2 3 40; 0; 0; 0
i i i i

U U U U= = = = ;

( )
5

5
, ,

1
l l

m

i E i E i

i

F
U J T

E
=

∂
′= ϕ

∂
∑ ; ( )

6
6

, ,
1

l l

m

i A i A i

i

F
U J T

A
=

∂
′= ϕ

∂
∑ ;

7

l
i n

F
U J

n

∂
′=

∂
;

1 3 4 5 6 7
0; 0; 0; 0; 0; 0;Θ = Θ = Θ = Θ = Θ = Θ =

( )
( )( )

2

1 1

1,1

2 , ,
1

0,
0,

m

i i

i

dT
J T

dx
λ λ

=

τ
′Θ = ϕ τ∑ ;

1 3 4 5 6 7
0; 0; 0; 0; 0; 0;Ω = Ω = Ω = Ω = Ω = Ω =

( )
( )( )

2,

2 , ,
1

,

,

L

L L

m
L M L

i i L

i

dT X

J T X
dx

λ λ

=

τ
′Ω = ϕ τ∑ .

Íàïðàâëåíèå ñïóñêà âûáèðàåòñÿ èñõîäÿ èç ñîîòíî-

øåíèÿ

              
−

′= − + β
1s s s

sg J g ,                  (39)

ãäå ïàðàìåòð sβ  âû÷èñëÿåòñÿ ïî ôîðìóëå

( ) ( )

( )( )

1

1 1

2
1

1 1

L

L

ML

s s

l m
s

ML

s

l m

J u J u

J u

−

= =

−

= =

⎛ ⎞
′ ′⎜ ⎟−

⎜ ⎟
⎝ ⎠β =

′

∑∑

∑∑
;                (40)

s

J ′  – âåêòîð ãðàäèåíòà ôóíêöèîíàëà íåâÿçêè íà s -é

èòåðàöèè, êîìïîíåíòû êîòîðîãî âû÷èñëÿþòñÿ ïî ôîð-

ìóëàì

1
1 1 0

m m

l

k
l

m

d
L M

C

iC
l m d

dT
J dxd

d
−

τ

= =

′ = − ρϕ ψ τ
τ

∑∑ ∫ ∫ ;         (41)

( )

( )

1

2
, , ,

,2
1 1 0

1
1

0

2

0

0,

,
;

lm ml

l

i
l

m

m

l

m

l

dML
l m l m l mi

i l m

l m d

i

L L

i

d T dT dTd
J dxd

dT dx dxdx

dT
d

dx

dT X
d

dx

−

λτ

λ

λ
= =

τ

λ

τ

λ

⎧ ⎫ϕ⎪ ⎪′ = ϕ + ψ τ +⎨ ⎬
⎪ ⎪⎩ ⎭

τ
+ α ϕ τ+

τ
+ α ϕ τ

∑∑ ∫ ∫

∫

∫

(42)
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−

τ

= =

ρ
′ = ϕ ξ ψ τ

τ
∑∑ ∫ ∫ ∫

1 0

, ,

,
1 1 0

;

m ml
g

i
gl

m

dM xL
C l m l m

i l mC
l m d l

d dT
J d dxd

d dx
 (43)

−

τ

= =

ρ
′ = ϕ ψ τ

τ
∑∑ ∫ ∫

1

,

,
1 1 0

;

m ml

i
l

m

dML
l mH

i l mH
l m d

d
J dxd

d
      (44)

−

τ

= =

∂
′ = ϕ Φ τ

∂
∑∑ ∫ ∫

1

,
1 1 0

;

m ml

i
l

m

dML

E

i l mE
l m d

F
J dxd

E
        (45)

−

τ

= =

∂
′ = ϕ Φ τ

∂
∑∑ ∫ ∫

1

,
1 1 0

;

m ml

i
l

m

dML

A

i l mA
l m d

F
J dxd

A
          (46)

−

τ

= =

∂
′ = Φ τ

∂
∑∑ ∫ ∫

1

,
1 1 0

.

m ml

m

dML

n l m

l m d

F
J n dxd

n
           (47)

Ñîïðÿæåííûå ïåðåìåííûå  è  ÿâëÿþòñÿ ðåøåíè-

åì ñîïðÿæåííîé êðàåâîé çàäà÷è:

0

, ,

,

, , ,

,

, , ,

, ,

,

0,

l m l m

l m l l

x
l m l m l ml

g l
l

l m l m l ml
l g l l m

l m

d dd
C

d dx dx

dT d dd
C d

dT dx d dx

d d ddH
C C

dT d d d

F

T

ψ ψ⎛ ⎞
ρ + λ −⎜ ⎟⎜ ⎟τ ⎝ ⎠

⎛ ⎞ρ ψλ⎜ ⎟− + ξ +
⎜ ⎟τ
⎝ ⎠

ρ ρ ρ⎛ ⎞
+ + − ψ +⎜ ⎟⎜ ⎟τ τ τ⎝ ⎠

∂
+Φ =

∂

∫

 (48)

, 1 , max
,0 ,

l i l i
X x X

−

< < ≤ τ < τ

( ), max , 1 ,
, 0, ;

l m l m l m
x X x X

−

ψ τ = ≤ ≤         (49)

 

( )( ) ( )( )
( )( )

0

1
1 1 1 1 ,1 1 1

1 1 1 1
1

1

, ,

,
0;

g

x

l

d
T X C T X

dx

d T X
d

d

ψ
λ τ − ψ τ ×

ρ τ ψ
× ξ + β =

τ α∫     (50)

( )( ) ( )( )
( )( )

0

,

, ,

,
0;

L
L L L L g L L L

x
L L L L

L
Ll

d
T X C T X

dx

d T X
d

d

ψ
λ τ − ψ τ ×

ρ τ ψ
× ξ + β =

τ α∫  (51)

( )( ) ( ) ( )

( ) ( ) ( )

−

⎡ ⎤∂ψ τ ∂ψ τ
⎢ ⎥λ τ − =
⎢ ⎥∂ ∂
⎣ ⎦

⎡ ⎤= χ τ τ − τ
⎣ ⎦

= =

, , , 1 ,

, ,

, , , ,

, ,
,

, ,

1, , 1, ;

l m l m l m l m

l l m l m

l m l m l m l m

l

X X
T X

x x

T X f

m M l L (52)

( ) ( ), , , 1 ,
, , , 1, , 1, ;

l m l m l m l m l
X X m M l L

+
ψ τ = ψ τ = =  (53)

                  

, ,

,

, ,

,

,

, ,

,

l m l m

l m l

l m l ml
l l m

l
l m

g l l m
x

d dF
H

d d

dT dTdH
C

d dT d

dTd
C d

d dx

Φ ψ∂
− = Φ − −

τ ∂ρ τ

⎛ ⎞
− + ψ −⎜ ⎟⎜ ⎟τ τ⎝ ⎠

⎛ ⎞
− ψ ξ⎜ ⎟

⎜ ⎟τ ⎝ ⎠
∫

       
   (54)

               ( )
,

0.
l m r

Φ τ =                        (55)

Âûâîäû

Ðàçðàáîòàííûé àëãîðèòì ïîçâîëÿåò ñ ïîìîùüþ

ìåòîäà èòåðàöèîííîé ðåãóëÿðèçàöèè ýôôåêòèâíî ðå-

øàòü îáðàòíóþ çàäà÷ó èäåíòèôèêàöèè ìàòåìàòè÷åñ-
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òûðåõ òåïëîôèçè÷åñêèõ ïàðàìåòðîâ è òðåõ ïàðàìåòðîâ
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